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Abstract
We construct a distributive 0-semilattice which is not isomorphic to the maximal semilattice
quotient of the positive cone of any dimension group. The size of the semilattice is ℵ2.
 2003 Elsevier Inc. All rights reserved.
Introduction
The notion of ideal appears in many algebraic theories. All ideals of a given algebraic
object form typically an algebraic lattice, usually modular, in many interesting cases
distributive. It is natural to ask which algebraic lattices can be represented as ideal lattices
of algebraic objects of a certain type.
It is well known that two-sided ideals of a von Neumann regular ring form an algebraic
distributive lattice. Thus, one of the representation problems can be formulated as follows:
which algebraic distributive lattices are isomorphic to the lattices of two-sided ideals of von
Neumann regular rings, in particular, as the lattices of two-sided ideals of locally matricial
algebras (i.e., direct limits of finite products of full matrix ringsMn(k) over a field k).
G.M. Bergman [1] constructed a locally matricial algebra with the ideal lattice
isomorphic to an algebraic lattice L provided that either the lattice L is strongly distributive
or the set of its compact elements is at most countable. The author [7] proved that every
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meets is isomorphic to the lattice of two-sided ideals of some locally matricial algebra.
On the negative side, F. Wehrung [10] constructed an algebraic distributive lattice which
is not isomorphic to the lattice of two-sided ideals of any von Neumann regular ring.
The cardinality of the set of compact elements of his counterexample is ℵ2. The same
author [11] proved that every algebraic distributive lattice with at most ℵ1 compact
elements is isomorphic to the ideal lattice of some von Neumann regular ring. However,
the ring is not a locally matricial algebra (it is not even a unit regular ring) and thus the
following problem remains open.
Problem 1. Let L be an algebraic distributive lattice with at most ℵ1 compact elements.
Does there exist a locally matricial algebra with the lattice of two-sided ideals isomorphic
to L? (Compare to [5, Problem 10.2] and [11, Problem 1].)
The lattice of two-sided ideals of a locally matricial algebra R is isomorphic to the
lattice of ideals (i.e., directed convex subgroups) of its Grothendieck group K0(R). As
locally matricial algebras are direct limits of directed families of matricial algebras, the
corresponding Grothendieck groups are direct limits of directed families of simplicial
groups. The direct limits of directed families of simplicial groups were characterized by
E.G. Effros, D.E. Handelman, and C.-L. Shen [2] to be unperforated, directed partially
ordered Abelian groups satisfying the interpolation property. These groups are called
dimension groups.
K.R. Goodearl and D.E. Handelman [4] proved that any dimension group of size at
most ℵ1 is isomorphic to the Grothendieck group of some locally matricial algebra while
F. Wehrung [9] constructed a dimension group of size ℵ2 which is not isomorphic to the
Grothendieck group of any von Neumann regular ring.
In view of the result of K.R. Goodearl and D.E. Handelman, Problem 1 can be restated
in terms of dimension groups and their ideal lattices.
Problem 1′. Let L be an algebraic distributive lattice with at most ℵ1 compact elements.
Does there exist a dimension group G with the lattice of ideals isomorphic to L? (See [5,
Problem 10.1′].)
To prove that a given algebraic distributive lattice L occurs as the lattice of ideals of a
dimension group, it suffices to show that the semilattice of compact elements of L occurs as
the semilattice of finitely generated ideals of the group. The semilattice of finitely generated
ideals of a dimension group is isomorphic to the maximal semilattice quotient of its positive
cone.
In the paper, we construct a distributive 0-semilattice T , of size ℵ2, which is not
isomorphic to the maximal semilattice quotient of the positive cone of any dimension
group. We have not succeeded to modify the construction to get a counterexample of
smaller cardinality, and so Problem 1′ remains open. Nevertheless, we answer negatively a
more general problem formulated in [5].
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distributive 0-semilattice. Does there exist a dimension group G such that the maximal
semilattice quotient of G+ is isomorphic to S?
1. Basic concepts
Lattices, semilattices
All semilattices considered in the text are join semilattices.
Let L be a complete lattice and let a be an element of L. Then a is called compact, if
for any A⊆ L, a ∨A implies that a ∨F for some finite F ⊆ A. The set of compact
elements of a complete lattice is closed under finite joins, and thus forms a 0-semilattice.
Note that this set is not closed under finite meets in general.
A complete lattice L is called algebraic if every element of L is a join of compact
elements.
A nonempty lower subset of a semilattice S closed under finite joins is called an ideal
of S. A lattice L is algebraic if and only if it is isomorphic to the lattice of all ideals of
some 0-semilattice [6, II.3. Theorem 13], in particular, if it is isomorphic to the lattice of
all ideals of the semilattice of its compact elements.
Let Θ be a congruence relation of a semilattice S. For x ∈ S, we denote by [x]Θ the
congruence class containing x . Given an ideal I of a semilattice S, we denote by Θ[I ] the
smallest congruence relation Θ of S under which x ≡ y(Θ) for all x , y ∈ I . Note that for
every u, v ∈ S, u≡ v(Θ[I ]) if and only if u∨ x = v ∨ x for some x ∈ I .
A semilattice S is called distributive if for every a, b, c ∈ S such that c  a ∨ b there
exist a′, b′ ∈ S with a′  a, b′  b, and c = a′ ∨ b′. A semilattice S is distributive if and
only if its ideal lattice is distributive [6, II.5. Lemma 1].
The refinement property is the following semigroup-theoretical axiom: A commutative
semigroup C satisfies the refinement property if and only if a0 + a1 = b0 + b1,
(a0, a1, b0, b1 ∈ C) implies the existence of cij ∈ C (i, j = 0,1) with ai = ci0 + ci1
(i = 0,1) and bj = c0j + c1j (j = 0,1). A commutative monoid is a refinement monoid if
it satisfies the refinement property. By induction we get immediately
Lemma 1.1. Let C be a commutative semigroup satisfying the refinement property. If
x = x0i + x1i (x, x0i , x1i ∈G+) for all i < n, then there exists a set {xf | f ∈ 2n} of elements
of G+ such that
x0i =
∑
f (i)=0
xf and x1i =
∑
f (i)=1
xf
for every i < n.
Note that semilattices are exactly idempotent commutative semigroups. On the other
hand, for a commutative semigroup C there exists a least congruence  on C such that
C/ is a semilattice. The congruence  is defined as follows: for every a, b ∈C, a  b if
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is denoted by ∇(C) and called the maximal semilattice quotient of C.
It is an easy fact that a semilattice is distributive if and only if it satisfies the refinement
property. Consequently, if a commutative semigroup C satisfies the refinement property,
then ∇(C) is a distributive semilattice.
The correspondence that with a commutative monoid M associate ∇(M) naturally
extends to a direct limits preserving functor from the category of commutative monoids
to the category of semilattices (see [5, Section 2]). For x ∈ M we denote by [x] the
corresponding element of ∇(M).
A nonzero element a of a semilattice S is join-irreducible if a = b∨ c implies a = b or
a = c for every b, c ∈ S. We denote by J(S) the partially ordered set of all join-irreducible
elements of a semilattice S. A distributive semilattice in which every element is a finite join
of join-irreducible elements is called strongly distributive. The easy proof of the following
lemma is left to the reader.
Lemma 1.2. Let S be the 0-semilattice of compact elements of an algebraic lattice L. Then
the following conditions are equivalent:
(i) The semilattice S is strongly distributive.
(ii) The lattice L is isomorphic to the lattice of lower subsets of the partially ordered set
J(S).
(iii) The lattice L is isomorphic to the lattice of lower subsets of some partially ordered
set.
Dimension groups
The positive cone of a partially ordered Abelian group G is a monoid G+ = {a ∈G
| 0  a}, and we put G++ = {a ∈ G | 0 < a}. If f :G → H is an order preserving
homomorphism of partially ordered Abelian groups G, H , then f [G+] ⊆H+. We denote
by f+ the restriction of f from G+ to H+.
A partially ordered Abelian group G is called unperforated if na  0 implies a  0 for
all a ∈G and every positive integer n.
A partially ordered Abelian group G is called directed if every element of G is a
difference of two elements of G+. Note that a partially ordered Abelian group is directed
if and only if it is directed as a partially ordered set.
A partially ordered set P satisfies the interpolation property if for every a0, a1, b0,
and b1 in P such that ai  bj (i, j = 0,1), there exists c ∈ P such that ai  c  bj
(i, j = 0,1). An interpolation group is a partially ordered Abelian group which satisfies
the interpolation property. A partially ordered Abelian group is an interpolation group if
and only if its positive cone is a refinement monoid [3, Proposition 2.1].
A dimension group is an unperforated, directed, interpolation group. E.G. Effros,
D.E. Handelman, and C.-L. Shen characterized dimension groups as direct limits of
directed diagrams of simplicial groups [2, Theorem 2.2], where a simplicial group is a
partially ordered Abelian group isomorphic to Zn with the positive cone (Z+)n for some
positive integer n.
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denote by Id(G) the lattice of all ideals of a partially ordered Abelian group G, and by
Idc(G) the semilattice of compact elements of the lattice Id(G). It is easily seen that the
semilattice Idc(G) is isomorphic to the maximal semilattice quotient∇(G+) of the positive
cone of a partially ordered Abelian group G.
An ordered vector space is a partially ordered Abelian group endowed with a structure
of vector space over the totally ordered field Q of rational numbers such that the
multiplication by a positive scalar is order-preserving. An ordered vector space which is
directed and satisfies the interpolation property is called a dimension vector space. Note
that every ordered vector space is unperforated. With a partially ordered Abelian group G
we associate the ordered vector space G ⊗Z Q with the positive cone G+ ⊗Z Q+. The
correspondence [a] → [a ⊗ 1] defines an isomorphism ∇(G+)→ ∇(G+ ⊗Z Q+), and
so every distributive 0-semilattice isomorphic to the maximal semilattice quotient of the
positive cone of some dimension group is, at the same time, isomorphic to the maximal
semilattice quotient of some dimension vector space.
2. Weakly Archimedean partially ordered Abelian groups
Definition 2.1. A partially ordered Abelian group G is called weakly Archimedean if for
every a, b ∈G+, there exists a positive integer n such that na  b.
Definition 2.2. Let G be a partially ordered Abelian group, let V =G⊗ZQ be the ordered
vector space associated to G. For a, b ∈G+ we define
(a/b)= sup{q ∈Q+ | a⊗ 1 b⊗ q in V }.
Note that a partially ordered Abelian group G is weakly Archimedean if and only
if for every a, b ∈ G++, (a/b) < ∞. We state some simple properties of the map
(−/−) :G+ ×G+ → [0,∞].
Lemma 2.3. Let G, H be partially ordered Abelian groups. Let a, a′, b, and b′ be elements
of G+. Then
(i) (a/b) > 0 if and only if [a] [b];
(ii) if [a] = [a′] and [b] = [b′], then (a/b)=∞ if and only if (a′/b′)=∞;
(iii) if f :G→H is an order preserving homomorphism, then (f (a)/f (b)) (a/b).
Let G be a partially ordered Abelian group. For a, b ∈ G+ we use the notation a⊥b if
c a, b implies that c= 0 for every c ∈G+.
Lemma 2.4. Let G be an interpolation group. If a⊥b (a, b ∈G+), then a, b  c implies
that a + b c for every c ∈G+.
Proof. Since G is an interpolation group, there exists d ∈G such that a, b d  a+ b, c.
Then 0 a + b− d  a, b, and since a⊥b, we get that a + b= d  c. ✷
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Then (c/b)= (c− a/b).
Lemma 2.6. Let c, d, b be elements of the positive cone of an ordered vector space V . If
(c+ d/b)=∞ and (b/d) > 0, then (c/d)=∞.
Proof. From (b/d) > 0, it follows that there exists a positive integer m such that d mb.
Thus, for all positive integers n, m(n+1)b c+d m(c+b), whence (n+1)b  c+b.
Therefore, nb c. ✷
Lemma 2.7. Let P be a partially ordered upwards directed set. Let
〈G,fp :Gp →G〉p∈P = lim−−→〈Gp,fp,q :Gp →Gq〉pq in P
in the category of partially ordered Abelian groups. Let p ∈ P . Then, for every a, b ∈G+p
(i) if p  q in P , then (a/b) (fp,q(a)/fp,q(b));
(ii) (fp(a)/fp(b))= sup{(fp,q(a)/fp,q(b)) | p  q in P }.
Moreover, if P is σ -directed (i.e., every countable subset of P is bounded), then there
exists q in P above p, such that
(
fp(a)/fp(b)
)= (fp,q(a)/fp,q(b)).
In particular, if (fp(a)/fp(b))=∞, then there exists q in P above p, with (fp,q (a)/
fp,q(b))=∞.
3. Example
In this section, we construct in two steps a distributive 0-semilattice which is not
isomorphic to the maximal semilattice quotient of the positive cone of any dimension
group. First we define a strongly distributive 0-semilattice S which is not isomorphic to the
maximal semilattice quotient of the positive cone of any weakly Archimedean dimension
group. The cardinality of the semilattice S is ℵ2. Then, by means of the semilattice S, we
construct a distributive 0-semilattice T , of the same cardinality ℵ2, which is not isomorphic
to the maximal semilattice quotient of the positive cone of any dimension group.
In connection with the first step of our construction, note that from the result of
G.M. Bergman [1], it follows that every strongly distributive 0-semilattice is isomorphic
to the maximal semilattice quotient of the positive cone of some dimension group.
K.R. Goodearl and F. Wehrung defined for every distributive lattice D a dimension vector
space Q〈D〉 such that ∇(Q〈D〉+) is isomorphic to D as a join semilattice [5, Section 4].
It is readily seen that the dimension vector space Q〈D〉 is weakly Archimedean. Further,
they proved that every countable distributive 0-semilattice is isomorphic to the maximal
semilattice quotient of the positive cone of some countable dimension vector space
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can be taken weakly Archimedean.
Theorem 3.1. Every countable distributive 0-semilattice is isomorphic to the maximal
semilattice quotient of the positive cone of some countable weakly Archimedean dimension
vector space.
Proof. Let S be a countable distributive 0-semilattice. Let σ :S → ∇(Q+) be the
〈∨,0〉-homomorphism defined by σ(0) = [0] while σ(x) = [1] for x > 0. By [8,
Theorem 7.1], there are a countable dimension vector space G, a positive homomorphism
f :G→ Q, and an isomorphism ε :S → ∇(G+) such that σ = ∇(f+) ◦ ε. For every
a, b ∈G++, 0 < f (a), f (b), and, by Lemma 2.3(iii), (a/b) (f (a)/f (b))= f (a)/f (b).
It follows that G is weakly Archimedean. ✷
Theorem 3.2. There exists a strongly distributive semilattice S, of size ℵ2, which is not
isomorphic to the maximal semilattice quotient of any weakly Archimedean dimension
group.
Proof. We define S to be a strongly distributive 0-semilattice with
J(S)= {z} ∪ {yβ | β < ω1} ∪ {xα | α < ω2}
ordered by the relations z > yβ > xα (α < ω2, β < ω1).
To the contrary, suppose that there exists a weakly Archimedean dimension group G
and an isomorphism φ :∇(G+) → S. Without loss of generality, we can assume that
G is a dimension vector space. Pick c, bβ (β < ω1), and aα (α < ω2) from G+ such
that (φ[c])= z, φ([bβ]) = yβ for every β < ω1, and φ([aα]) = xα for every α < ω2. In
addition, we can choose bβ so that c > bβ , thus, (c/bβ) 1 for every β < ω1.
For all α < ω2, β < ω1, put µα,β = (bβ/aα)/3. Note that 0 < µα,β <∞ for every
α < ω2, β < ω1. Let Ω be the family of all nonempty finite subsets of ω1. Choose a map
F :ω2 →Ω so that
∀α < ω2:
∑
β∈F(α)
µα,β > (c/aα). (3.1)
Observe that card(F−1({B}))=ℵ2 for some B = {β0, . . . , βn−1} ∈Ω . For each i < n, put
b1i = bβi and b0i = c− bβi . Since c > bβi , b0i ∈G+ for every i < n, and so, by Lemma 1.1,
there exist bf (f ∈ 2n) in G+ such that
b0i =
∑
f (i)=0
bf and b1i =
∑
f (i)=1
bf (i < n).
Let χi (i < n) denote the characteristic function of {i}. Further, denote byD the set of maps
f :n→ 2 that satisfy f (i)= 1 = f (j) for at least two different non-negative integers i, j
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hence there exists a finite subset Af of ω2 such that
[bf ] =
∨
α∈Af
[aα].
Put A=⋃f∈D Af and pick γ ∈ F−1({B})\A. Since aγ ⊥aα for every α ∈A,
aγ ⊥
∑
f∈D
bf ,
thus, a fortiori, for every i < n,
aγ ⊥
∑
f∈D,f (i)=1
bf .
By Corollary 2.5, for every i < n,
3µγ,βi =
(
b1i /aγ
)=
(
b1i −
∑
f∈D,f (i)=1
bf /aγ
)
= (bχi /aγ ).
Therefore
c=
∑
f : n→2
bf 
∑
i<n
bχi >
∑
i<n
2µγ,βiaγ ,
and, by (3.1),
∑
i<n
2µγ,βiaγ = 2
(∑
i<n
µγ,βi
)
aγ > 2(c/aγ )aγ .
Consequently c > 2(c/aγ )aγ , hence (c/aγ ) 2(c/aγ ), which is not the case. ✷
Let L be the sublattice of P(ω1) consisting of all subsets x of ω1 where
x =
⋃
i<n
[αi,βi)
for some natural number n and 0 α0 < β0 < · · ·< αn−1 < βn−1  ω1. Put
B = {x ∈ L | ∃α ∈ ω1: x ⊆ [0, α)},
U = {y ∈ L | ∃α ∈ ω1: y ⊇ [α,ω1)}.
Note that B is an ideal of the lattice L and U is the dual filter of the ideal B .
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T = ({0} ×B)∪ (S∗ ×U)⊆ S ×L. (3.2)
Lemma 3.3. If S is a distributive 0-semilattice, then the semilattice T defined by (3.2) is
distributive.
Proof. Let x  y ∨ z for some x = (x1, x2), y = (y1, y2), and z= (z1, z2) ∈ T . We prove
that there exist y ′  y , z′  z ∈ T with x = y ′ ∨ z′.
In case x1 = 0, we put y ′2 = x2 ∧ y2, z′2 = x2 ∧ z2. Since x2 ∈B and B is an ideal of L,
y ′2, z′2 ∈ B . Then y ′ = (0, y ′2), z′ = (0, z′2) ∈ T and x = y ′ ∨ z′.
Let x1 > 0. Since the semilattice S is distributive, there exist y ′1  y1, z′1  z1 in S with
x1 = y ′1∨z′1. First assume that one of the elements y ′1, z′1, say z′1, equals 0. Then y ′1 > 0, and
so y2 ∈ U , hence there exists α < ω1 such that y2 ⊇ [α,ω1), whence x2  y2∨(z2∩[0, α)).
We put y ′2 = x2 ∧ y2 and z′2 = x2 ∧ (z2 ∩ [0, α)). Then y ′2 ∈ U , z′2 ∈ B , and y ′ = (x ′1, y ′2),
z′ = (0, z′2) are elements of T with x = y ′ ∨ z′. If 0 < y ′1, z′1, then x2, y2, z2 ∈ U , hence
y ′2 = x2 ∧ y2, z′2 = x2 ∧ z2 ∈ U . By the definition, both y ′ = (y ′1, y ′2), z′ = (z′1, z′2) are
elements of T and x = y ′ ∨ z′. ✷
Lemma 3.4. Let S be a distributive 0-semilattice which is not isomorphic to the maximal
semilattice quotient of the positive cone of any weakly Archimedean dimension group. Let
T be the semilattice defined by (3.2). Then T is a distributive 0-semilattice which is not
isomorphic to the maximal semilattice quotient of the positive cone of any dimension group.
Moreover card(T )= card(S).
Proof. By Lemma 3.1, card(S) ℵ1, and so the equality card(T )= card(S) is clear. The
semilattice T is distributive by Lemma 3.3.
For α < ω1 put
Bα =
{
x ∈L | x ⊆ [0, α)}.
Given α < ω1, set Iα = {0} ×Bα , and denote by I the ideal {0} × B of the semilattice T .
For each α < ω1 put Tα = T/Θ[Iα], and let ϕα,β (α < β < ω1) stand for the canonical
projection Tα → Tβ . Finally, denote by ϕα (α < ω1) the canonical projections Tα →
T/Θ[I ]. Since I is a union of the increasing chain {Iα | α < ω1} of ideals of the
semilattice T , we see that
〈
T/Θ[I ], ϕα
〉
α<ω1
= lim−−→〈Tα,ϕα,β〉α<β<ω1 .
Note that for every (s, x), (t, y) ∈ T , (s, x) ≡ (t, y)(Θ[Iα]) if and only if s = t and
x ∩ [α,ω1) = y ∩ [α,ω1), and (s, x) = (t, y)(Θ[I ]) if and only if s = t . Hence the
correspondence (s, x)Θ[I ] → s defines an isomorphism from T/Θ[I ] onto S.
To the contrary, suppose there exists a dimension group G and an isomorphism
ι :∇(G+)→ T . Put
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{
a − b | a, b ∈G+ and ι([a]), ι([b])∈ Iα} (α < ω1),
J = {a − b | a, b ∈G+ and ι([a]), ι([b])∈ I}.
For each α < ω1 denote by Gα the quotient G/Jα . Let fα,β (α < β < ω1) stand for the
canonical projection Gα → Gβ , and denote by fα (a < ω1) the canonical projections
Gα → G/J . The ideal J is the union of the increasing chain {Jα | α < ω1} of ideals of
the group G, hence
〈G/J,fα〉α<ω1 = lim−−→〈Gα,fα,β〉α<β<ω1 .
For every α < ω1 denote by ια the isomorphism ∇(G+α ) onto Tα sending [a + Jα] to
ι([a])Θ[Iα]. It is easy to see that the diagram
∇(G+α )
∇(f+α,β )
ια
Tα
ϕα,β
∇(G+β ) ιβ Tβ
commutes for every α < β < ω1. Since the functor ∇ preserves direct limits, there exists
an isomorphism λ :∇((G/J )+)→ S $ T/Θ[I ] such that for every a ∈ G+ and every
(s, x) ∈ T , ι([a])= (s, x) implies that λ([a + J ])= s.
Since, due to Lemma 3.2, S is not isomorphic to the maximal semilattice quotient
of the positive cone of any weakly Archimedean dimension group, there exist a′, b′ ∈
(G/J )++ such that (a′/b′) = ∞. Put s = λ([a′]), t = λ([b′]), and pick a, b ∈ G+ so
that ι([a]) = (s, [0,ω1)), and ι([b]) = (t, [0,ω1)). Then [a + J ] = [a′], [b + J ] = [b′],
hence, by Lemma 2.3(ii), (a + J/b + J )=∞. By Lemma 2.7, there exists α < ω1 with
(a + Jα/b+ Jα)=∞. Note that
ια
([a + Jα])= (s, [0,ω1))Θ[Iα], ια([b+ Jα])= (t, [0,ω1))Θ[Iα].
Pick c, d ∈ G++ with ι([c]) = (s, [α + 1,ω1)), and ι([d]) = (0, [0, α + 1)). Then [a] =
[c + d], hence (c + d + Jα/b + Jα) =∞ by Lemma 2.3(ii). Further, [b] > [d], which
implies (b + Jα/d + Jα) > 0. Applying Lemma 2.6, we get that (c + Jα/b + Jα) =∞,
whence
(
s, [α + 1,ω1)
)
Θ[Iα] = ια
([c+ Jα]) ια([b+ Jα])= (t, [0,ω1))Θ[Iα]. (3.3)
Observe that for every (s, x), (t, y) ∈ T , (s, x)Θ[Iα]  (t, y)Θ[Iα] if and only if s  t
and x ∩ [α,ω1)⊇ y ∩ [α,ω1). Thus, according to (3.3), [α + 1,ω1)⊇ [α,ω1), which is a
contradiction. ✷
Theorem 3.5. There exists a distributive 0-semilattice T which is not isomorphic to the
maximal semilattice quotient of the positive cone of any dimension group. The size of the
semilattice is ℵ2.
300 P. Ru˚žicˇka / Journal of Algebra 268 (2003) 290–300Proof. By Theorem 3.2 there exists a distributive 0-semilattice S, of size ℵ2, which is
not isomorphic to the maximal semilattice quotient of the positive cone of any weakly
Archimedean dimension group. Apply Lemma 3.4. ✷
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